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In this paper, a stochastic Lotka–Volterra competitive model with time-dependent delays
is investigated. Sufficient conditions for global asymptotic stability of the positive equilib-
rium are established. The obtained result demonstrates that time-dependent delays have
important impacts on the global asymptotic stability of the positive equilibrium of the con-
sidered system.
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1. Introduction
For the last decades, the Lotka–Volterra model has received much attention due to its extensive applications. From the
viewpoint of applications, an interesting topic is to investigate the global asymptotic stability of the positive equilibrium
state.
The Lotka–Volterra model is one of the most important and classical models in mathematical biology. The deterministic
two species Lotka–Volterra competitive model can be expressed as follows
dx1(t)
dt
= x1(t)

r1 − a11x1(t)− a12x2(t)

,
dx2(t)
dt
= x2(t)

r2 − a21x1(t)− a22x2(t)

,
(1)
where xi(t) represents the population size of the ith species at time t; ri and aij (i, j = 1, 2) are positive constants. For
biological interpretation of each coefficient in system (1) I refer the reader to Ref. [1].
On the other hand, many processes in population dynamics involve time delays, which stand for time lag between
causes and their consequences. Time delays are sources of instability in population dynamics and they can cause population
fluctuations. The destabilizing influences of time delays are always expressed by the fact that introduction of time delays
which exceed the dominant time scales of systems to approach equilibrium (see e.g. Ref. [2]). If time delays are too long, the
population will go to extinction.
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Since all species exhibit time delays, at least due to their maturation time, I can claim that stochastic delay systems can
better reflect reality. In view of the fact that time delays are not resistant to time fluctuations, then system (1) will become
dx1(t)
dt
= x1(t)

r1 − a11x1(t)− a12x1(t − τ1(t))− a13x2(t − τ2(t))

,
dx2(t)
dt
= x2(t)

r2 − a21x2(t)− a22x2(t − τ3(t))− a23x1(t − τ4(t))

,
(2)
where a13 and a23 are positive constants; τi(t)(i = 1, . . . , 4) is a nonnegative, bounded, continuously differentiable function
on [0,+∞) satisfying
τ = max
i=1,2,3,4
sup
t≥0
{τi(t)}
for some constant τ ≥ 0 and τ ′i (t) = dτi(t)dt , i = 1, 2, 3, 4.
Assume that there is an equilibrium state x∗ = (x∗1, x∗2)T of system (2); then model (2) becomes
dx1(t)
dt
= x1(t)

a11(x∗1 − x1(t))+ a12(x∗1 − x1(t − τ1(t)))+ a13(x∗2 − x2(t − τ2(t)))

,
dx2(t)
dt
= x2(t)

a21(x∗2 − x2(t))+ a22(x∗2 − x2(t − τ3(t)))+ a23(x∗1 − x1(t − τ4(t)))

.
However, in the real world, the population system is inevitably subjected to the environmental noise (see e.g.
Refs. [3–10]). May [11] has revealed that due to environmental noise, the birth rate, carrying capacity, competition coef-
ficients and other parameters involved with the system exhibit random fluctuation to a greater or lesser extent (see e.g.
Ref. [12]).
Suppose that the white noise affects ri (i = 1, 2) mainly; then by the central limit theorem, the error term follows a
normal distribution and it is sometimes dependent on how much the current population sizes differ from the equilibrium
state (see e.g. Refs. [5,13,14]), i.e., I can replace the intrinsic rate ri by an average value plus a random fluctuation term ri +
σi(xi−x∗i )B˙i(t) (see e.g. Ref. [12]), where σ 2i (i = 1, 2) denotes the intensity of the noise, B(t) = (B1(t), B2(t))T is a Brownian
motion defined on a complete probability space (Ω,F ,P )with a filtration {Ft}t∈R+ satisfying the usual conditions.
Motivated by the above discussions, in this paper, I study the following stochastic Lotka–Volterra competitive model
with time-dependent delays
dx1(t) = x1(t)

r1 − a11x1(t)− a12x1(t − τ1(t))− a13x2(t − τ2(t))

dt + σ1x1(t)(x1(t)− x∗1)dB1(t),
dx2(t) = x2(t)

r2 − a21x2(t)− a22x2(t − τ3(t))− a23x1(t − τ4(t))

dt + σ2x2(t)(x2(t)− x∗2)dB2(t).
(3)
Throughout this paper, let C = C([−τ , 0];R2+) be the family of continuous functions ϕ from [−τ , 0] to R2+ with the
norm ∥ϕ∥ = sup−τ≤θ≤0 |ϕ(θ)| and R2+ = {(x, y)T ∈ R2 : x > 0, y > 0}. The initial value of (3) is
N0 = {ξ(θ) = (ξ1(θ), ξ2(θ))T ,−τ ≤ θ ≤ 0} ⊂ C. (4)
2. Main result
Since x1(t) and x2(t) in system (3) represent population sizes at time t , they should be nonnegative. So for further study,
I should first give some condition under which system (3) has a unique global positive solution.
Lemma 1. If the delay functions satisfy the following condition
τ ′ = max
i=1,2,3,4
sup
t≥0
{τ ′i (t)} < 1, (5)
then there is a unique global positive solution (x1(t), x2(t))T to system (3) on t ≥ −τ for any given initial value (4).
Proof. Since the coefficients of system (3) are locally Lipschitz continuous, for any given initial value ξ(θ) ∈ C, there exists
a unique local solution (x1(t), x2(t))T on t ∈ [−τ , τe), where τe denotes the explosion time (see e.g. Ref. [15]). To verify that
this solution is global, I only need to prove τe = +∞ a.s. To this end, let k0 > 0 be large enough such that
1/k0 < min−τ≤θ≤0 |ξi(θ)| ≤ max−τ≤θ≤0 |ξi(θ)| < k0, i = 1, 2.
For each integer k ≥ k0, define the stopping time
τk = inf

t ∈ [−τ , τe) : x1(t) ∉

1
k
, k

or x2(t) ∉

1
k
, k

,
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where throughout this paper I set inf∅ = +∞. It is obvious that τk is increasing as k →+∞. Set τ∞ = limk→+∞ τk, whence
τ∞ ≤ τe a.s. If I can verify that τ∞ = +∞ a.s., then τe = +∞ a.s. So I only need to prove τ∞ = +∞ a.s. or for all T > 0, I
get P {τk ≤ T } → +∞ as k →+∞.
Define
V1(x1, x2) = √x1 − 1− ln√x1 +√x2 − 1− ln√x2.
It is easy to see that V (x1, x2) ≥ 0 for all (x1, x2)T ∈ R2+. Let k ≥ k0 and T > 0 be arbitrary. For 0 ≤ t ≤ τk∧T , where τk∧T =
min{τk, T }, applying Itô’s formula (see e.g. Ref. [15]) to V1(x1, x2) yields
dV1(x1, x2) = LV1(x1(t), x1(t − τ1(t)), x1(t − τ4(t)), x2(t), x2(t − τ2(t)),
x2(t − τ3(t)))dt + 0.5σ1(

x1(t)− 1)(x1(t)− x∗1)dB1(t)+ 0.5σ2(

x2(t)− 1)(x2(t)− x∗2)dB2(t),
where
LV1(x1(t), x1(t − τ1(t)), x1(t − τ4(t)), x2(t), x2(t − τ2(t)), x2(t − τ3(t)))
= (
√
x1(t)− 1)
2

r1 − a11x1(t)− a12x1(t − τ1(t))− a13x2(t − τ2(t))

+ (
√
x2(t)− 1)
2

r2 − a21x2(t)− a22x2(t − τ3(t))− a23x1(t − τ4(t))

+ (2−
√
x1(t))
8
σ 21 (x1(t)− x∗1)2 +
(2−√x2(t))
8
σ 22 (x2(t)− x∗2)2. (6)
Now compute that
(

x1(t)− 1)[r1 − a11x1(t)] ≤ r1(

x1(t)+ 1)+

x1(t)a11x1(t)+ a11x1(t)
≤ r1(

x1(t)+ 1)+ 0.5a11x1(t)+ 0.5a11x21(t)+ a11x1(t),
−(x1(t)− 1)a12x1(t − τ1(t)) ≤ 0.5a12(x1(t)− 1)2 + 0.5x21(t − τ1(t))
≤ 0.5a12x1(t)+ a12

x1(t)+ 0.5a12 + 0.5x21(t − τ1(t)).
Moreover, I have
−(x1(t)− 1)a13x2(t − τ2(t)) ≤ 0.5a13(x1(t)− 1)2 + 0.5x22(t − τ2(t))
≤ 0.5a13x1(t)+ a13

x1(t)+ 0.5a13 + 0.5x22(t − τ2(t)).
Analogously, I obtain
(

x2(t)− 1)[r2 − a21x2(t)] ≤ r2(

x2(t)+ 1)+ 0.5a21x2(t)+ 0.5a21x22(t)+ a21x2(t),
−(x2(t)− 1)a22x2(t − τ3(t)) ≤ 0.5a22x2(t)+ a22x2(t)+ 0.5a22 + 0.5x22(t − τ3(t)),
−(x2(t)− 1)a23x1(t − τ4(t)) ≤ 0.5a23x2(t)+ a23x2(t)+ 0.5a23 + 0.5x21(t − τ4(t)),
σ 21 (x1(t)− x∗1)2(1− 0.5

x1(t)) ≤ σ 21 (−0.5x2.51 (t)+ x∗1x1.51 (t)+ x21(t)+ (x∗1)2)
and
σ 22 (x2(t)− x∗2)2(1− 0.5

x2(t)) ≤ σ 22 (−0.5x2.52 (t)+ x∗2x1.52 (t)+ x22(t)+ (x∗2)2).
Substituting the above inequalities into (6) leads to
LV1(x1(t), x1(t − τ1(t)), x1(t − τ4(t)), x2(t), x2(t − τ2(t)), x2(t − τ3(t)))
≤ −0.125(σ 21 x2.51 (t)+ σ 22 x2.52 (t))+ 0.25(σ 21 x21(t)+ a11x21(t)+ σ 22 x22(t)
+ a21x22(t))+ 0.25(σ 21 x∗1x1.51 (t)+ σ 22 x∗2x1.52 (t))+ 0.25(3a11 + a12 + a13)x1(t)
+ 0.25(3a21 + a22 + a23)x2(t)+ 0.5(r1 + a12 + a13)

x1(t)+ 0.5(r2 + a22 + a23)

x2(t)
+ 0.25(a12 + a13 + a22 + a23)+ 0.5(r1 + r2)+ 0.25σ 21 (x∗1)2
+ 0.25σ 22 (x∗2)2 + 0.25x21(t − τ1(t))+ 0.25x22(t − τ2(t))+ 0.25x22(t − τ3(t))+ 0.25x21(t − τ4(t)).
In order to eliminate the terms with delays, let me define the following nonnegative functionals
V2(x1(t)) = a124(1− τ ′)
 t
t−τ1(t)
x21(s)ds, V3(x2(t)) =
a13
4(1− τ ′)
 t
t−τ2(t)
x22(s)ds,
V4(x2(t)) = a224(1− τ ′)
 t
t−τ3(t)
x22(s)ds, V5(x1(t)) =
a23
4(1− τ ′)
 t
t−τ4(t)
x21(s)ds.
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Notice that τ ′ < 1, then V2, V3, V4 and V5 are well defined. Then I have
LV2(x1(t)) = a124(1− τ ′)x
2
1(t)−
a12(1− τ ′1(t))
4(1− τ ′) x
2
1(t − τ1(t)),
LV3(x2(t)) = a134(1− τ ′)x
2
2(t)−
a13(1− τ ′2(t))
4(1− τ ′) x
2
2(t − τ2(t)),
LV4(x2(t)) = a224(1− τ ′)x
2
2(t)−
a22(1− τ ′3(t))
4(1− τ ′) x
2
2(t − τ3(t))
and
LV5(x1(t)) = a234(1− τ ′)x
2
1(t)−
a23(1− τ ′4(t))
4(1− τ ′) x
2
1(t − τ4(t)).
Define
V (x1(t), x2(t)) = V1(x1(t), x2(t))+ V2(x1(t))+ V3(x2(t))+ V4(x2(t))+ V5(x1(t)).
Then one can derive
dV (x1(t), x2(t)) ≤ −0.125(σ 21 x2.51 (t)+ σ 22 x2.52 (t))+ 0.25[σ 21 x21(t)+ a11x21(t)
+ (a12 + a23)(1− τ ′)−1x21(t)+ σ 22 x22(t)+ a21x22(t)+ (a13 + a22)(1− τ ′)−1x22(t)]
+ 0.25(σ 21 x∗1x1.51 (t)+ σ 22 x∗2x1.52 (t))+ 0.25(3a11 + a12 + a13)x1(t)
+ 0.25(3a21 + a22 + a23)x2(t)+ 0.5(r1 + a12 + a13)

x1(t)+ 0.5(r2 + a22 + a23)

x2(t)
+ 0.25(a12 + a13 + a22 + a23)+ 0.5(r1 + r2)+ 0.25σ 21 (x∗1)2 + 0.25σ 22 (x∗2)2
+ 0.5σ1(

x1(t)− 1)(x1(t)− x∗1)dB1(t)+ 0.5σ2(

x2(t)− 1)(x2(t)− x∗2)dB2(t).
Integrating the above inequality from 0 to τk ∧ T yields
V1(x1(τk ∧ T ), x2(τk ∧ T ))+ V2(x1(τk ∧ T ))+ V3(x2(τk ∧ T ))+ V4(x2(τk ∧ T ))+ V5(x1(τk ∧ T ))
≤ V1(ξ1(0), ξ2(0))+ V2(ξ1(0))+ V3(ξ2(0))+ V4(ξ1(0))+ V5(ξ1(0))
+
 τk∧T
0
F(x1(s), x2(s))ds+ σ1
 τk∧T
0
√
x1(s)− 1
2
(x1(s)− x∗1)dB1(s)
+ σ2
 τk∧T
0
√
x2(s)− 1
2
(x2(s)− x∗2)dB2(s),
where
F(x1, x2) = −0.125(σ 21 x2.51 + σ 22 x2.52 )+ 0.25[σ 21 x21 + a11x21 + (a12 + a23)
× (1− τ ′)−1x21 + σ 22 x22 + a21x22 + (a13 + a22)(1− τ ′)−1x22]
+ 0.25(σ 21 x∗1x1.51 + σ 22 x∗2x1.52 )+ 0.25(3a11 + a12 + a13)x1
+ 0.25(3a21 + a22 + a23)x2 + 0.5(r1 + a12 + a13)√x1 + 0.5(r2 + a22 + a23)
×√x2 + 0.25(a12 + a13 + a22 + a23)+ 0.5(r1 + r2)+ 0.25σ 21 (x∗1)2 + 0.25σ 22 (x∗2)2.
It is easy to see that F(x1, x2) is bounded. Denote the upper bound by K . Thus,
V1(x1(τk ∧ T ), x2(τk ∧ T ))+ V2(x1(τk ∧ T ))+ V3(x2(τk ∧ T ))+ V4(x2(τk ∧ T ))+ V5(x1(τk ∧ T ))
≤ V1(ξ1(0), ξ2(0))+ V2(ξ1(0))+ V3(ξ2(0))+ V4(ξ2(0))+ V5(ξ1(0))
+ K(τk ∧ T )+ σ1
 τk∧T
0
√
x1(s)− 1
2
(x1(s)− x∗1)dB1(s)+ σ2
 τk∧T
0
√
x2(s)− 1
2
(x2(s)− x∗2)dB2(s).
Taking expectation in the last inequality results in
EV1(x1(τk ∧ T ), x2(τk ∧ T ))
≤ EV1(x1(τk ∧ T ), x2(τk ∧ T ))+ EV2(x1(τk ∧ T ))+ EV3(x2(τk ∧ T ))+ EV4(x2(τk ∧ T ))+ EV5(x1(τk ∧ T ))
≤ V1(ξ1(0), ξ2(0))+ V2(ξ1(0))+ V3(ξ2(0))+ V4(ξ2(0))+ V5(ξ1(0))+ KT . (7)
For every ω ∈ {τk ≤ T }, x1(τk, ω) ∉ (1/k, k) and x2(τk, ω) ∉ (1/k, k). Therefore,
V1(x1(τk), x2(τk)) =

x1(τk)− 1− ln

x1(τk)+

x2(τk)− 1− ln

x2(τk)
=
√
k− 1− ln√k

∧

1
k
− 1+ ln√k

,
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and in view of (7), one can observe that
+∞ > V1(x1(0), x2(0))+ V2(x1(0))+ V3(x2(0))+ V4(x2(0))+ V5(x1(0))
+KT ≥ EV1(x1(τk ∧ T ), x2(τk ∧ T ))
= P {τk ≤ T }V1(x1(τk), x2(τk))+ P {τk > T }V1(x1(T ), x2(T ))
≥ P {τk ≤ T }V1(x1(τk), x2(τk))
= P {τk ≤ T }
√
k− 1− ln√k

∧

1
k
− 1+ ln√k

.
Since (
√
k − 1 − ln√k) ∧

1
k − 1 + ln
√
k

→ +∞ as k → +∞, so I can obtain that limk→+∞ P {τk ≤ T } = 0. Since
T > 0 is arbitrary, it then follows thatP {τ∞ < +∞} = 0 andP {τ∞ = +∞} = 1. Thus the proof of Lemma 1 is completed.
Now I am in the position to give my main result of this paper.
Theorem 1. Let
A = −a11 + 2− τ
′
2(1− τ ′)a12 +
a13
2
+ a23
2(1− τ ′) +
1
2
σ 21 x
∗
1,
B = −a21 + 2− τ
′
2(1− τ ′)a22 +
a23
2
+ a13
2(1− τ ′) +
1
2
σ 22 x
∗
2.
If
A < 0, B < 0, (8)
then the positive equilibrium state (x∗1, x
∗
2)
T of systems (3)–(4) is globally asymptotically stable almost surely (a.s.), i.e., limt→+∞
xi(t) = x∗i , i = 1, 2.
Proof. Define
V6(x1) = x1 − x∗1 − x∗1 ln(x1/x∗1), V7(x2) = x2 − x∗2 − x∗2 ln(x2/x∗2).
Obviously, the above two functions are nonnegative on R+ = [0,+∞). If (x1, x2)T ∈ R2+, applying Itô’s formula (see e.g.
Ref. [15]) to the first equation of system (3) yields
LV6(x1) = (x1 − x∗1)

r1 − a11x1 − a12x1(t − τ1(t))− a13x2(t − τ2(t))

+ 0.5σ 21 x∗1(x1 − x∗1)2
= (x1 − x∗1)

a11(x∗1 − x1)+ a12(x∗1 − x1(t − τ1(t)))+ a13(x∗2 − x2(t − τ2(t)))

+ 0.5σ 21 x∗1(x1 − x∗1)2
= −a11(x1 − x∗1)2 − a12(x1 − x∗1)(x1(t − τ1(t))− x∗1)
− a13(x1 − x∗1)(x2(t − τ2(t))− x∗2)+ 0.5σ 21 x∗1(x1 − x∗1)2
≤ −a11(x1 − x∗1)2 + 0.5a12(x1 − x∗1)2 + 0.5a12(x1(t − τ1(t))− x∗1)2
+ 0.5a13(x1 − x∗1)2 + 0.5a13(x2(t − τ2(t))− x∗2)2 + 0.5σ 21 x∗1(x1 − x∗1)2
= −a11(x1 − x∗1)2 + 0.5a12(x1 − x∗1)2 + 0.5a13(x1 − x∗1)2
+ 0.5a12(x1(t − τ1(t))− x∗1)2 + 0.5a13(x2(t − τ2(t))− x∗2)2 + 0.5σ 21 x∗1(x1 − x∗1)2,
where I have used the elementary inequality ±2ab ≤ a2 + b2. In order to eliminate the terms with delay, I introduce the
following nonnegative functionals
V8(x1(t)) = a122(1− τ ′)
 t
t−τ1(t)
(x1(s)− x∗1)2ds
and
V9(x2(t)) = a132(1− τ ′)
 t
t−τ2(t)
(x2(s)− x∗2)2ds.
Then I can derive
LV8(x1(t)) = a122(1− τ ′) (x1(t)− x
∗
1)
2 − a12(1− τ
′
1(t))
2(1− τ ′) (x1(t − τ1(t))− x
∗
1)
2
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and
LV9(x2(t)) = a132(1− τ ′) (x2(t)− x
∗
2)
2 − a13(1− τ
′
2(t))
2(1− τ ′) (x2(t − τ2(t))− x
∗
2)
2.
Define
V10(x1, x2) = V6(x1)+ V8(x1)+ V9(x2).
Then by condition (5), I can get
LV10(x1, x2) ≤

−a11 + 2− τ
′
2(1− τ ′)a12 +
a13
2
+ 1
2
σ 21 x
∗
1

(x1 − x∗1)2 +
a13
2(1− τ ′) (x2 − x
∗
2)
2.
Analogously, by utilizing Itô’s formula (see e.g. Ref. [15]), I obtain
LV7(x2) ≤ −a21(x2 − x∗2)2 + 0.5a22(x2 − x∗2)2 + 0.5a23(x2 − x∗2)2
+ 0.5a22(x2(t − τ3(t))− x∗2)2 + 0.5a23(x1(t − τ4(t))− x∗1)2 + 0.5σ 22 x∗2(x2 − x∗2)2.
Define
V11(x1(t)) = a232(1− τ ′)
 t
t−τ4(t)
(x1(s)− x∗1)2ds,
V12(x2(t)) = a222(1− τ ′)
 t
t−τ3(t)
(x2(s)− x∗2)2ds.
Then I have
LV11(x1(t)) = a232(1− τ ′) (x1(t)− x
∗
1)
2 − a23(1− τ
′
4(t))
2(1− τ ′) (x1(t − τ4(t))− x
∗
1)
2,
LV12(x2(t)) = a222(1− τ ′) (x2(t)− x
∗
2)
2 − a22(1− τ
′
3(t))
2(1− τ ′) (x2(t − τ3(t))− x
∗
2)
2.
Define
V13(x1, x2) = V7(x2)+ V11(x1)+ V12(x2).
Then by a simple computation, one can obtain
LV13(x1, x2) ≤

−a21 + 2− τ
′
2(1− τ ′)a22 +
a23
2
+ 1
2
σ 22 x
∗
2

(x2 − x∗2)2 +
a23
2(1− τ ′) (x1 − x
∗
1)
2.
Define
V (x1, x2) = V10(x1, x2)+ V13(x1, x2).
Then one can get
LV (x1, x2) ≤

−a11 + 2− τ
′
2(1− τ ′)a12 +
a13
2
+ a23
2(1− τ ′) +
1
2
σ 21 x
∗
1

(x1 − x∗1)2
+

−a21 + 2− τ
′
2(1− τ ′)a22 +
a23
2
+ a13
2(1− τ ′) +
1
2
σ 22 x
∗
2

(x2 − x∗2)2
= A(x1 − x∗1)2 + B(x2 − x∗2)2.
Obviously, if (8) holds, then by virtue of the above inequality, I can conclude that LV (x1, x2) < 0 along all trajectories in
R2+ except (x∗1, x
∗
2)
T . Then by the stability theory of stochastic functional differential equations (see e.g. Ref. [15]), one can
easily obtain that the positive equilibrium state (x∗1, x
∗
2)
T of systems (3)–(4) is globally asymptotically stable a.s.
Remark 1. FromTheorem1, one can easily see that time-dependent delays have important impacts on the global asymptotic
stability of the positive equilibrium of systems (3)–(4).
3. Numerical simulations
In this section, I shall use the Milstein method mentioned in Higham [16] to demonstrate the main result.
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Fig. 1(a). For populations x1 and x2 , I choose r1 = r2 = 0.3, a11 = 0.95, a12 = 0.15, a13 = 0.1, a21 = 0.9, a22 = 0.2, a23 = 0.1, τ1(t) = 13 (5 + sin t),
τ2(t) = 14 (4+ sin t2 ), τ3(t) = 12 (6+ 4 sin t3 ), τ4(t) = 15 (8+ sin t4 ), ξ1(θ) = ξ2(θ) = 0.15, θ ∈ [−5, 0], σ 21 = 0.8, σ 22 = 0.2, then x∗1 = x∗2 = 0.25 and (8)
holds. In other words, the positive equilibrium state (x∗1, x
∗
2)
T of Eq. (3) is globally asymptotically stable.
Fig. 1(b). For populations x1 and x2 , I choose r1 = r2 = 0.3, a11 = 0.95, a12 = 0.15, a13 = 0.1, a21 = 0.9, a22 = 0.2, a23 = 0.1, τ1(t) = 13 (5 + sin t),
τ2(t) = 14 (4+ sin t2 ), τ3(t) = 12 (6+ 4 sin t3 ), τ4(t) = 15 (8+ sin t4 ), ξ1(θ) = ξ2(θ) = 0.15, θ ∈ [−5, 0], σ 21 = 3.6, σ 22 = 2.4, then x∗1 = x∗2 = 0.25 and (8)
is not satisfied. From Fig. 1(b), one can see that the positive steady state (x∗1, x
∗
2)
T of Eq. (3) is unstable.
Let me consider the following discretization equations:
xi1 = xi−11 + xi−11

r1 − a11xi−11 − a12xi−1−[
τ1((i−1)∆t)
∆t ]
1 − a13xi−1−[
τ2((i−1)∆t)
∆t ]
2

∆t
+ σ1xi−11 (xi−11 − x∗1)
√
∆tξ i−1 + σ
2
1
2
xi−11 (x
i−1
1 − x∗1)[(ξ i−1)2 − 1]∆t,
xi2 = xi−12 + xi−12

r2 − a21xi−12 − a22xi−1−[
τ3((i−1)∆t)
∆t ]
2 − a23xi−1−[
τ4((i−1)∆t)
∆t ]
1

∆t
+ σ2xi−12 (xi−12 − x∗2)
√
∆tηi−1 + σ
2
2
2
xi−12 (x
i−1
2 − x∗2)[(ηi−1)2 − 1]∆t,
xi1 = ξ1(i∆t), xi2 = ξ2(i∆t), i = −m, . . . ,−1, 0,
where∆t = 0.001;m = τ/(∆t); ξ i and ηi (i = 1, . . . , n) are the Gaussian random variables which followN(0, 1); [x] gives
the greatest integer less than or equal to x. In Figs. 1(a) and 1(b), I choose r1 = r2 = 0.3, a11 = 0.95, a12 = 0.15, a13 = 0.1,
a21 = 0.9, a22 = 0.2, a23 = 0.1, τ1(t) = 13 (5 + sin t), τ2(t) = 14 (4 + sin t2 ), τ3(t) = 12 (6 + 4 sin t3 ), τ4(t) = 15 (8 + sin t4 ),
ξ1(θ) = ξ2(θ) = 0.15, θ ∈ [−5, 0]; then x∗1 = x∗2 = 0.25. The difference in Figs. 1(a) and 1(b) is that the values of σ 21
and σ 22 are different. In Fig. 1(a), for populations x1 and x2, I choose σ
2
1 = 0.8, σ 22 = 0.2, then (8) holds, that is to say, the
positive equilibrium state (x∗1, x
∗
2)
T of systems (3)–(4) is globally asymptotically stable. In Fig. 1(b), for populations x1 and
x2, I choose σ 21 = 3.6, σ 22 = 2.4; then (8) is not satisfied. Namely, the positive steady state (x∗1, x∗2)T of systems (3)–(4)
is unstable. Although the theorem does not say that the sufficient conditions for stability are also necessary, a numerical
simulation indicates that this is the case.
4. Conclusions and remarks
This paper is concerned with the effects of time-dependent delays on global asymptotic stability of stochastic
Lotka–Volterra competitive model. The obtained result shows that time-dependent delays have significant effects on the
global asymptotic stability of the positive equilibrium state. To the best of my knowledge, this paper is the first attempt to
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investigate the influences of time-dependent delays on global asymptotic stability of stochastic Lotka–Volterra competitive
model.
Some interesting topics deserve further investigations. On the one hand, my model is autonomous; it is of great interest
to investigate the nonautonomous case. On the other hand, the method used in this paper can be also applied to study other
interesting models, such as logistic model, predator–prey model, Gilpin–Ayala model and so on. I leave these investigations
for future work.
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